INTRODUCTION
Some of the most well-known names in Computational Geometry are those of two prominent Russian mathematicians: Georgy F. Voronoi (1868 Voronoi ( -1908 and Boris N. Delaunay (1890 -1980) . Their considerable contribution to the Number Theory and Geometry is well known to the specialists in these fields. Surprisingly, their names (their works remained unread and later re-discovered) became the most popular not among "pure" mathematician, but among the researchers who used geometric applications. Such terms as " Voronoi diagram" and " Delaunay triangulation" are very important not only for Computational Geometry, but also for Geometric Modeling, Image Processing, CAD, GIS etc.
Delaunay triangulation is used in numerous applications. It is widely used in plane and 3D case. A natural question may arise: why th~triangulation is better than the others. Usually the advantages of Delaunay triangulation are rationalized by the max-min angle criterion and other properties [1, 2, 5, 10, 11, 12] . The max-min angle criterion requires that the diagonal of every convex quadrilateral occurring in the triangulation "should be well chosen" [12] , in the sense that replacement of the chosen diagonal by the alternative one must not increase the minimum oft he six angles in the two triangles making up the quadrilateral. Thus the Delaunay triangulation of a planar point set maximizes the minimum angle in any triangle. More specifically, the sequence of triangle angles, sorted from sharpest to leaat sharp, is lexicographlcally maximized over all such sequences constructed from triangulation of S.
We defined several functional on the set of all triangulations of the finite system of sites in Rd attaining global minimum on the Delaunay triangulation (DT). First we consider a so called "parabolic" functional and prove that it attains its minimum on DT in all dimensions. It could be used as an equivalent definition for DT. Secondly we treat "mean radius" functiorral(the mean of circumradii of triangles) for planar triangulations. Thirdly we treat a so called "harmonic" functional. For a triangle this functional equals the ration of the sum of squares of sides over area. Finally, we consider a discrete anidogue of the Dirichlet functional. Actually in all these cases the optimality of DT in 2D di- 
V(tl) > V(tz) iff V(tl, zo) > V(tz, zo).
The main result for functional V is the following:
its minimum ij and only if t is the Delaunay triangulation A simple proof of these theorems follows from paraboloid construction of the DT found by Voronoi [13] and rediscovered only in 1979 for a sphere (K. Brown), and later also for a paraboloid.
Let us consider an arbitrary triangulation t of the set S and "lift" it onto the paraboloid in Rd+ 1, i.e. let us build a polyhedral surface in Rd+l connecting corresponding vertices on the paraboloid. Note that the functional V up to a constant equals to the volume of the solid body below this surface. Thus, the minimum of V is attained on the Delaunay triangulation.
Let us consider another functional for triangulations:
where c(Ai ) is the center (barycenter) of the Ai, c(A, ) = j~ij/(d + 1) and II~II is Euclidean norm.
By direct calculation (it is sufficient to check the formula on a simplex) it is possible to prove that
CHJ(S)
where CH(S) is convex hull of set S in Rd. From Theorem 1 and this formula directly follows that:
The functional C2(t) on triangulations of the set S achieves its mazimum if and only if t is the Delaunay triangulation.
The functional V maybe useful in analysis of algorithms and construction of DT. For example, the proof that sequence of "local trzmsformation" in [4] does not cycle eaaily follows from consideration of the functional V(t). Indeed, this functional decreiuws after each local transformation used in the algorithm.
In [4] quite complicated proof is given for it.
MEAN RADIUS OF TRIANGULATION
Let t be a triangulation of n sites S in the plane. Assume that each triangle A; of thw triangulation is related to the radius of its circumcircle Ri. Thus every triangulation t is related to the set { RA~, .... RAh } of circumradii of triangleS Ai c t. The numbers of triangles for any two triangulations of S are equal, so it is possible to compare sets of radii for different triangulations. In particular, it is possible to compare sums of radii:~RA4 or power sums:~R~~, a > 0. It seems that triangulation having minimal sum of radii is "better", because all its triangles in "average" are nearer to the regular triangles.
Theorem 3 The functional R(t, a) =~R&, a >0 attains its minimum ifi t is Delaunay triangulation.
This theorem for convex quadrilateral is some kind of a four-vertex theorem for polygon [9] and follows from lemma. I do not know how to generalize theorem 3 to higher dimensions.
HARMONIC INDEX OF TRIANGULATION
This index haa its origin in the theory of the so called " harmonic maps".
For polygon P its harmonic index where al, . . . . an are the lengths of sides of P and S(P) is its area. This index is the same for similar polygons. We will call n-gon P harmonic if the hrm(P) achieves its minimum for P. It is easy to prove that harmonic triangle is equiangular.
The same result holds for arbitrary n.
The polygon P is harmonic iff P is regular.
The proof of this proposition is very close to proof of minimality properties of the circle in book [3] (more accurately, isoperimetric inequality for polygons).
For planar triangulation tof a set S let denote by hrm(t) (harmonic index of triangulation t)the sum of h-m of its triangles:
hrm(t) =~hmn(A~)
A,ct
Our main result for harmonic index of planar triangulation is following:
Theorem 4 Harmonic indez hrm(t) of triangulation t of S achieves its minimum if and only if t is the Deiaunay triangulation of S.
The harmonic functional for triangle attains its minimum if this triangle is equiangular. Usually, a triangulation is regarded as "good" for different purposes if its triangles are nearly equiangular. The harmonic index of triangulation t achieves its global minimum if t is a part of a regular triangular lattice. In some sense, theorem 3 shows that the Delaunay triangulation is as close as possible to equiangular triangulation.
We have proposed the generalization of harmonic index for polygons. For polygon P let hrm(P, k) =~a~k/S(P)k where k is some real number. If k~1/2 then hrm(P, k) hievea its minimum for regular polygon. In the case k = 1/2 this result gives classic isoperimetric inequality for polygons [3] .
It is easy to give an example of a convex quadrilateral P when its triangulation t minimizing the functional hrm(t, k), k # 1 is not Delaunay triangulation. In this connection the following problem is open: "For fized k~1/2 find an efficient algorithm for construction of a triangulation t of S minimizing the functional hrvn(t, k) ."
Let us consider harmonic index in d-dimension. It is clear, that right extension of hrm for polyhedron P is following:
where F, are the volumes of facets of P and Vol is volume of P. As in 2D case a harmonic tetrahedron (simplex) is regular. It seems to us that all Platonic solids are harmonic. For general case it need to study properties of harmonic polytops more carefully.
It is easy to construct d + 2-vertices, d >2, polyhedron that its Delaunay triangulation does not gives minimum of hrm. Open problem is to study "harmonic" triangulation and jind eficient algorithm for its construction hrm(P) =~a~/S(P), It is easy to give an example of n >3 points on the plane and some set Y when the minimum of the functional SV is not attained on DT.
In this connection we state an open problem: to jind an algon"thm for constructing triangulation that gives minimum of the fictional SV for an arbitrary set of sites Y. One more minimum criterion is a discrete analogue of the The proof of the theorems 5 and 6 directly follows from the fact that these functional on quadrilaterals are minimized if t is DT. The proof also follows from some general result that is given below.
Let S be a set of d+2 points z1, ....~d+z in Rd. C. Lawson [6] 
